We construct the effective action of the KK-monopole in a massive Type IIA background. We follow two approaches. First we construct a massive M-theory KK-monopole from which the IIA monopole is obtained by double dimensional reduction. This eleven dimensional monopole contains two isometries: one under translations of the Taub-NUT coordinate and the other under massive transformations of the embedding coordinates. Secondly, we construct the massive T-duality rules that map the Type IIB NS-5-brane onto the massive Type IIA KK-monopole. This provides a check of the action constructed from eleven dimensions.
Introduction
The eleven-dimensional interpretation of the massive Type IIA supergravity of Romans [1] has devoted a lot of attention recently. It was shown in [2] that it is not possible to construct a covariant supergravity theory in eleven dimensions with cosmological constant. One might assume that the mass arises in the Type IIA theory from the dimensional reduction procedure, a la Scherk-Schwarz, however a theory was obtained through this kind of construction in [3] with the result that it was not Romans' supergravity but a different massive supergravity for which there is no action.
A massive eleven-dimensional supergravity was proposed in [4] with the peculiarity that it can only be formulated when the eleventh direction is compact, with Lorentz invariance taking place in the other ten dimensional coordinates. This feature circumvents the no-go theorem of [2] . The explicit eleven-dimensional supergravity action depends on the Killing vector associated to translations along the eleventh coordinate, and gives the massive Type IIA supergravity action after a direct dimensional reduction along this direction.
More recently [5] a proposal for massive M-theory has been given based on the connection between M-theory and Type IIB and the relation between the Scherk-Schwarz reduction of Type IIB and the reduction of massive Type IIA. It remains an interesting open problem to make contact with the description of massive eleven-dimensional supergravity with a Killing vector.
M-branes propagating in a massive background were constructed in [6, 4] and referred to generically as massive M-branes. Their effective actions are described by gauged sigma-models in which the Killing isometry is gauged. They contain as well new couplings proportional to the mass which can be interpreted in terms of "massive" solitons.
Furthermore, two massive branes in the Type IIA theory can be obtained from a single massive M-brane [4] . They are obtained as either direct or double dimensional reduction of the massive M-brane effective action along the space-time coordinate where the isometry is realized.
In this paper we will construct the effective action of the massive Type IIA KK-monopole. We will follow two approaches. First of all, we will obtain the action of the IIA KK-monopole by performing a double dimensional reduction in the effective action of the massive eleven-dimensional KK-monopole. As explained in [7] the construction of a massive KK-monopole in eleven dimensions is more subtle than that of an ordinary brane, since the monopole is already described by a gauged sigma-model in the massless case.
The massive M-KK-monopole giving rise to the massive D6-brane after a direct dimensional reduction was constructed in [7] . There it was shown that in order to assure invariance under massive gauge transformations the gauge field associated to the Taub-NUT isometry had to transform proportionally to the mass. Also, new couplings to the Born-Infeld field had to be introduced.
In this eleven-dimensional massive monopole the "mass isometry direction" coincides with the Taub-NUT direction, and the dimensionally reduced action gives the massive D6-brane. However, in order to obtain a ten dimensional KK-monopole we are not interested in eliminating the isometry in the Taub-NUT direction once a double dimensional reduction is performed. Therefore we first have to find the worldvolume action of a more general M-KK-monopole in which the invariance under massive transformations is achieved by gauging an isometry other than the Taub-NUT isometry. Double dimensional reduction along this new isometry direction will give rise to the action of the massive IIA KK-monopole (see Figure 1 ). We present these actions in sections 2, 3 and 4. In this figure we display the reductions of the massless M-KK-monopole and its two possible massive extensions. The massless M-KK-monopole is described by a gauged sigma-model with Killing vectork. Reducing along a worldvolume coordinate gives rise to the Type IIA KK-monopole, the reduction alongk gives the D6-brane and the reduction along a transversal coordinate different thank gives a 6-brane (KK-6A) [8, 9, 10, 11] , described by a gauged sigma-model. The KK-6A brane is not associated to a central charge in the Type IIA supersymmetry algebra [12] . There are two possible massive extensions depending on whether the massive isometry,ĥ, is chosen to beĥ =k orĥ =k, such that reducing alongĥ gives a massive Type IIA brane. Whenĥ =k we obtain a massive D6-brane. When h =k we obtain a massive IIA KK-monopole (KK-5A in the Figure) , ifĥ lies in a worldvolume direction of the M-KK-monopole; or a massive KK-6A brane, ifĥ lies in a transversal direction.
An alternative way to derive the action of the massive IIA KK-monopole is to start with the action of the IIB NS-5-brane constructed in [13] and perform a (massive) T-duality transformation. The massive T-duality rules for the target space (dual) potentials that couple to the 5-brane are given in Appendix A. We present the details of the calculation of the massive IIA KK-monopole action by this procedure in section 5. The result coincides with that given in section 4 following the double dimensional reduction approach (see Figure 2 ). show the two procedures that we have followed to obtain the massive IIA KKmonopole. In the first one we perform a double dimensional reduction along theĥ direction of the massive M-KK-monopole with two gauged isometries, the TaubNUTk andĥ. In the second case, we obtain the same massive IIA KK-monopole via a massive T-duality transformation on the IIB NS-5-brane effective action.
IIB NS-5-brane

The Massive M-KK-monopole
Let us start by recalling the action of the massless M-KK-monopole constructed in [14] 3 . The KK-monopole in eleven dimensions behaves like a 6-brane, and its field content is that of the 7-dimensional vector multiplet, involving 3 scalars and 1 vector. Since the embedding coordinates describe 11 − 7 = 4 degrees of freedom one scalar has to be eliminated by gauging an isometry of the background 4 . The Taub-NUT space of the monopole is isometric in its Taub-NUT direction. Let us denotek the Killing vector associated to this isometry:
such that the Lie derivatives of all target space fields and gauge parameters with respect tok vanish. The effective action of the monopole is constructed by replacing ordinary derivatives by covariant derivatives:
withÂî a dependent gauge field given by:
where |k| 2 = −kμkνĝμν. Accordingly, the gauge transformation ofÂî is:
In this way the effective metric becomes:
SinceΠμνkν = 0 the isometry direction is effectively eliminated from the action. The construction of theσ (0) -invariant WZ term has been given in [7] . We summarize the target space and worldvolume field content in Tables 1 and  2 .
The resulting effective action gives the D6-brane of the Type IIA theory after a direct dimensional reduction along the Taub-NUT direction [14] .
In [7] the effective action of the M-KK-monopole giving rise to the D6-brane of the massive Type IIA theory was also constructed. As discussed in [4] eleven-dimensional massive branes are described by gauged sigma models with gauge coupling constant proportional to m. The massive D6-brane is obtained by reducing the massive KK-monopole in which the two Killing vectors associated to the mass and the Taub-NUT isometries coincide. The gauge fieldÂ must be attributed mass transformation rules and extra terms need to be added to the WZ part. As we mentioned in the Introduction this massive M-KK-monopole cannot give rise to the massive Type IIA KKmonopole after a double dimensional reduction, since the gauged isometry disappears in the reduction. However it is possible to construct a massive M-KK-monopole in which the two isometry directions associated to the mass and the Taub-NUT space are different. Double dimensionally reducing along the direction associated to the mass will give rise to the effective action of the massive IIA KK-monopole. It was shown in [4] that a massive brane in eleven dimensions is obtained by gauging an isometry generated by a Killing vectorĥ:
through the introduction of a gauge fieldbî transforming as 5 : 8) where (iĥχ) is (the pull-back of) the interior product of the gauge parameter of the eleven-dimensional 3-formĈ with the Killing vectorĥ. Substituting ordinary derivatives by covariant derivatives
one assures invariance under massive transformations: for a rank r 11 dim formL, and
for the 11 dim metric. These transformations give rise to the known massive transformations of the Type IIA background fields after dimensional reduction. Together with the gauging it is necessary to include additionalb-dependent terms (proportional to the mass) to achieve invariance under massive transformations.
This suggests that we should construct the massive M-KK-monopole by substituting:Πμν
with DX as defined above. This can also be written as: 14) and:Âî
Πμν transforms as a metric under massive transformations iff 16) which implies that the Killing vector associated to the Taub-NUT isometry must be attributed a massive transformation:
The transformation rule (2.16) is that of a vector under massive transformations (see (2.10)). We showed in [7] thatkμ had to be considered as a target space 1-form in order to construct the action of the 11 dim KK-monopole. In particular, the monopole is charged with respect to its dual 8-form 6 . We see here that this is also the case regarding massive transformations. With this transformation rule the interior product ofk with any eleven-dimensional r-form transforms according to (2.10) (see Appendix B).
The fact thatkμ transforms under massive transformations implies that the Killing condition and the massive transformations do not commute 7 . In the system of adapted coordinates to the isometry generated byĥ: hμ = δμ y , we can define:k
with
In the reduction to ten dimensionsk µ (with µ a ten dimensional index) will be the Killing vector generating translations along the Taub-NUT direction, and ω (0) an extra worldvolume scalar needed to compensate for certain massive transformations.
It is easy to check that the invariance underσ (0) is preserved 8 if theb field transforms as:
The gauge transformation rule ofÂî (given by (2.15)) is still δÂî = ∂îσ (0) , as in the massless case.
6 To be precise, with respect to its interior product with the Killing vectork. 7 They commute if (ikiĥχ) = 0, which is not the most general case. Note, however, that if in ten dimensions we set the component of the RR 1-form along the Taub-NUT direction to zero, which can always be done since C
(1) is a non-physical Stueckelberg field [1, 17] , then this condition is satisfied. 8 In the kinetic term. We will comment later on the WZ term.
The action that we propose for the massive M-theory KK-monopole is the following:
The covariant derivatives are defined by (2.14) andK (2) is the massive field strength of the worldvolume fieldω (1) :
Finally,K (7) is given by:
23) This action is invariant under the gauge transformations given in Appendices B and C.1. Invariance underρ (0) transformations is assured by the presence of covariant derivatives. It can also be seen that with the transformation rule (2.20) for theb field the action is invariant underσ (0) transformations. Notice that we have introduced a new auxiliary field,d (5) , associated to the dual massive transformations with parameter (iĥΣ) (see [4] ). This field transforms proportionally to (ikiĥΣ) (see Appendix C.1), since only contractions with the Taub-NUT Killing vector need to be cancelled in the KK-monopole action.
Moreover,b is a non-propagating field in this action, playing the role of gauge field for theĥ isometry 9 . We will see in the next section that it disappears in the double dimensionally reduced action. This means that there are no fundamental strings ending on the monopole. Whenk andĥ are parallel, as in [7] ,ω (1) transforms likeb (in (2.20)) 10 and it is not necessary to introduce this new field. Furthermore, an extra term −15ml 6 pb ∂b∂b∂b in the WZ part of the action accounts for the variation of theω (7) field 11 , which is also not needed. This is also the case forω (0) and d (5) .
In Table 3 we summarize the worldvolume fields present in (2.21). All these fields can be given an interpretation in terms of solitons on the KKmonopole.
Worldvolume Field
Field Strengtĥ Worldvolume field content of the massive M-theory KKmonopole. In this table we give the worldvolume fields, together with their field strengths, present in the worldvolume action of the massive M-theory KKmonopole.
We find, as in the massless case, a 1-formω (1) , describing a 0-brane soliton in the worldvolume of the KK-monopole. Its dual 4-form describes a 3-brane soliton. They correspond to the intersections: (0|M2, MKK) and (3|M5, MKK), respectively. The monopole contains as well a 4-brane soliton which couples to the 5-form dual to one of the embedding scalars: (4|MKK, MKK) 1,2 . All these intersections have been discussed in [18, 19] .
In the massive case the fieldd (5) couples to the 5-brane soliton represented by the configuration 12 [20, 19] :
In this caseω (0) = 0. 11 With the modification of the transformation law ofω (6) found in [7] . 12 We use here a notation where ×(−) indicates a worldvolume (transverse) direction. The first × in a row indicates the time direction.
Here the z-direction in the monopole corresponds to the isometry direction of the Taub-NUT space. A single M9-brane contains as well a Killing isometry in its worldvolume, as has been discussed in [21, 22, 23] . This isometric direction has been depicted as well as a z-direction. The 5-brane soliton predicted by the M-KK and M9-brane worldvolume supersymmetry algebras [19] is realized as a 4-brane soliton given that it cannot develop a worldvolume direction along the isometry of the M9-brane. This is in agreement with the worldvolume field content that we have found for the massive M-KKmonopole, since the only worldvolume field to which this soliton can couple is the 5-formd (5) . The 6-formω (6) is interpreted as the tension of the monopole and couples to the 5-brane soliton realized as the embedding of an M5-brane on the KK-monopole [24, 18] . In the massive case it also plays the role of Stueckelberg field for the auxiliary fieldω (7) (see theirρ (6) transformation rules in Appendix C.1).
Finally,ω (7) couples to the 6-brane soliton describing the embedding of the monopole in an M9-brane: (6|M9, MKK). The M9-brane contains a 1-form vector field in its worldvolume [23] . The dual of this massive 1-form in the nine dimensional worldvolume is a 7-form field which from the point of view of the M9-brane is the worldvolume field that couples to the 6-brane soliton.
Double Dimensional Reduction:
Massive MKK → Massive KK-5A
We can now proceed and perform the double dimensional reduction of the action constructed in the previous section. We will see that the Killing isometry associated to translations of the Taub-NUT coordinate is restored in this process. In adapted coordinatesĥμ = δμ y , we take the ansatz for the worldvolume reduction:
with all other worldvolume fields and gauge parameters independent ofξ 6 . Thek transformation rule (2.17) implies that this vector gets a y-component under massive gauge transformations. Therefore we reduce it as:
k µ will be the Killing vector associated to the isometry of the Taub-NUT space of the IIA KK-monopole.
In order to keep track of all the gauge transformations we have to introduce a compensating gauge transformation:
where Λ (0) is a g.c.t. in the direction Y . The reduction rules for the background fields and gauge parameters can be found for instance in [7] . The worldvolume fields reduce as:
The (modified) gauge transformations of the new, reduced, worldvolume fields can be found in Appendix C.2.
The reduction ofω (6) holds up to a total derivative (see Appendix C). The reduction ofd (5) i 1 ...i 4 6 gives a worldvolume 4-form which is gauge invariant and contributes to the reduced action with a decoupled term, therefore we have fixed it to zero. The scalar field v (0) also has vanishing transformation law. However this field contributes to the double dimensionally reduced action as: 5) and is constrained to a constant by the equation of motion of the worldvolume field ω (5) playing the role of tension of the IIA monopole. In general it modifies the tension of the new massive p-brane as [4] :
This has the implication that for the particular value v (0) = 2/m(2πα ′ ) the brane tension vanishes. The physical mechanism behind this phenomenon is unclear and it would be interesting to investigate (see the Conclusions for a further discussion).
The dependent gauge fieldÂ reduces as:
where A i ≡ |k| −2 k µ ∂ i X µ , and
The Action of the Massive IIA KK-monopole
The double dimensional reduction of the action of the massive M-KK-monopole gives:
The covariant derivative is defined as:
The tension T mAKK is the modified tension given by (3.6). The gauge invariant forms K (2) and K (1) are the field strengths of ω (1) and ω (0) , respectively:
and the WZ term is the field strength of the worldvolume field ω (5) , playing the role of tension of the IIA KK-monopole:
(4.4) In Table 4 we summarize the worldvolume field content. The gauge transformation rules of background and worldvolume fields can be found in Appendices B, C.2 and reference [4] . We summarize our notation for the Type IIA background fields in Table 5 .
The action of the ten dimensional IIA KK-monopole is manifestly invariant under translations of the Taub-NUT coordinate, since all the reduced fields and gauge parameters have vanishing Lie derivative with respect to k. This symmetry has been restored in the reduction by a mechanism in which the y component of the Killing vector in eleven dimensions gives rise to an auxiliary worldvolume field that is needed to compensate the massive variation of the Stueckelberg field i k C (1) . A further check of this action is that for m = 0 reduces to the action of the massless IIA KK-monopole [7] .
It is also worth noting that the field b has disappeared in the reduced action. This reflects the fact that there are no fundamental strings ending on the monopole. Nevertheless there is a string-like object, described by ω (1) , ending on the monopole. In fact, the worldvolume fields that couple to the Worldvolume Field Field Strength background contains the NS-NS sector: (g µν , φ, B µν ), the RR sector: (C (1) , C (3) ), and the Poincaré duals of the RR fields and the NS-NS 2-form B: (C (5) , C (7) ,B). The Kaluza-Klein monopole couples to a new field N , dual to the Killing vector associated to the Taub-NUT isometry, considered as a 1-form k µ .
soliton solutions of a KK-monopole are those necessary to construct invariant field strengths for the fields i k C (p+1) (see [13] ). These field strengths have the form: 5) so that ω (p−1) couples to a (p−2)-brane soliton which describes the boundary of a p-brane ending on the monopole, with one of its worldvolume directions wrapped around the Taub-NUT direction of the monopole. Since the target space field associated to ω (1) is (i k C (3) ) it describes a wrapped D2-brane ending on the monopole.
We also find the soliton configurations: (2|D4, KK), (3|NS5, KK) and (3|KK, KK) 1,2 (see [25, 13] ). The only modifications due to the mass occur in the explicit expressions of the field strengths, where new terms proportional to the mass appear, which involve worldvolume fields that already propagated in the massless case. There is however an exception, and that is the presence of the d (5) worldvolume field associated to the dual massive transformations, which couples to a 4-brane soliton. This soliton is a domain wall in the six dimensional worldvolume and is described by the configuration: by T-duality along the 3,4,9 directions. It is also T-dual to the intersection (4|D7, NS5) in Type IIB, corresponding to a 4-brane soliton in the IIB NS-5-brane [27] . There is as well another 4-brane soliton in the KK-monopole worldvolume [18] which is already present in the massless case. This is the embedding of the D4-brane on the monopole: (4|D4, KK), and it couples to the worldvolume field ω (5) , describing the tension of the monopole. This is the reduction of the 5-brane soliton (5|M5, KK), which couples to the tensionω (6) of the M-KK-monopole. Finally, the reduction of the 6-brane soliton (6|M9, KK) gives a 5-brane soliton realized as the embedding of the KK-monopole on a KK-7A-brane 13 .
13 This brane is obtained by reducing the M9-brane along a worldvolume direction other than the z-direction, but it is not predicted by the Type IIA supersymmetry algebra. As discussed in [23] , this is also the case for the KK-6A brane, obtained by reducing the M-KK-monopole along a transverse direction different from the Taub-NUT direction. These branes are required by U-duality of M-theory on a d-torus, as it has been shown in [8, 9, 10] .
Massive T -duality:
IIB NS-5 → Massive IIAKK
In this section we obtain the massive IIA KK-monopole through a "massive" T-duality transformation in the action of the IIB NS-5-brane. The action of the Type IIB NS-5-brane was constructed in [13] and is given by: 2) and:
In Table 6 we have summarized our notation for the Type IIB background fields.
Target space
Gauge Dual Gauge Field Parameter Field Parameter Target space fields of the type IIB superstring. The Type IIB background contains the common sector: (g µν , ϕ, B µν ), the RR sector: (C (0) , C (2) , C (4) ), and the Poincaré duals of the 2-forms C (2) and B: (C (6) ,B) .
We apply now a T-duality transformation along a transverse direction. The worldvolume fields do not change rank after T-duality since the original and dual branes have the same number of worldvolume dimensions. Moreover, we have a new scalar field Z ′ , which is the T-dual of the coordinate along which we perform the duality transformation. The T-duality rules for the worldvolume fields are given by:
Here Z is the Taub-NUT coordinate of the KK-monopole. Its occurrence on the right hand side of the two expressions above is required by gauge invariance, and assures the gauged sigma-model structure necessary to describe the KK-monopole. Using the massive T-duality rules given in (A.1) and (A.3) for the background fields, we find the following transformations for the worldvolume curvatures:
where K (2) is given by (4.3) and K (6) by (4.4). Substituting in the IIB NS-5-brane effective action we recover the expression (4.1) for the effective action of the massive IIA KK-monopole that we obtained from eleven dimensions. This provides a check of that action as well as of the massive T-duality rule (A.3) given in the Appendix.
One remark is in order at this point. In general the double dimensional reduction of a massive M-brane gives a tension [4] :
for the reduced brane, whereξ is the compact worldvolume direction. A particular example is the massive IIA KK-monopole obtained in the previous section. This suggests that in the massive case the tensions should transform under T-duality as:
which seems, however, an arbitrary choice from the T-duality point of view. We leave some especulations about this point for the Conclusions.
Conclusions
We have constructed the worldvolume effective action of the Type IIA KKmonopole propagating in a background with non-vanishing cosmological constant. The worldvolume field content of this brane consists on a scalar, a 1-form, two 5-forms and a 6-form. One of the two 5-forms is interpreted as the tension of the monopole, whereas the other one is associated to dual massive transformations in the worldvolume of the monopole. The 6-form and the tension of the monopole are interpreted as a Stueckelberg pair with respect to massive transformations. These worldvolume fields have been interpreted in terms of soliton solutions propagating in the worldvolume of the monopole. The new feature with respect to the massless case is that there is a 4-brane soliton realized as the domain wall intersection of the KK-monopole with a D8-brane, and a 6-brane soliton corresponding to the embedding of the monopole on a KK7-brane.
We have already mentioned that the KK7-brane belongs to a particular class of Type IIA brane solutions which are not predicted by the spacetime supersymmetry algebra. It is unclear why this happens. These branes have been encountered already in the literature in a different context, namely they are required in order to fill up multiplets of BPS states in representations of the U-duality symmetry group of M-theory on a d-torus [8, 9, 10, 11] . As we discuss in [23] , where we calculate the kinetic part of their worldvolume effective actions, these branes do not have an obvious interpretation in weakly coupled string theory since they scale with the coupling constant more singularly than 1/g 2 s .
The derivation of the KK-monopole effective action from eleven dimensions gives a tension depending on the mass and on a Wilson line of the gauge field associated to the massive isometry (which is set to a constant value by the integration of the worldvolume 5-form playing the role of tension of the monopole) (see (3.6) ). In particular, the tension can vanish for a certain value of the Wilson line. In fact, this is a general feature for the Type IIA massive branes that are obtained from eleven dimensions by a double dimensional reduction [4] . The presence of covariant derivatives with respect to massive transformations in the eleven-dimensional massive branes implies that in the double dimensional reduction the brane can be wrapped along the eleventh direction with unusual winding number, which depends on the mass and on a Wilson line of the gauge field. Therefore, consistency implies
) has to be an integer, i.e. the winding number, with the tension of the reduced brane proportional to it. The Wilson line may be interpreted as a distance 2πα ′ v (0) corresponding to a D8-brane, since a massive IIA brane is a brane in the presence of D8-branes. This is similar to the interpretation of the masses of the string states in terms of the D8-brane positions in a Type I ′ construction. Since the D8-branes are T-dual to the D9-branes, the arbitrariness of v (0) from the T-duality point of view might be originated by Wilson lines in Type IIB with D9-branes.
Finally it would be of interest to analyze the six dimensional interacting gauge theory that arises from considering a system of parallel massive KKmonopoles in the limit in which gravity is decoupled [28] .
The inverse rules (from massive Type IIA to Type IIB) are given by:
[µz B νz
The IIB NS-5-brane couples minimally to the fieldB, dual to the NS-NS 2-form. Its massive T-duality rules are given by:
3) Let us clarify the role played byZ in the expressions above. In the Tduality from the IIB (IIA) NS-5-brane to the IIA (IIB) KK-monopole,Z is the T-dual transformed of the coordinate transversal to the NS-5-brane:
and not another embedding coordinate. However, in the T-duality from the IIA (IIB) KK-monopole to the IIB (IIA) NS-5-brane,Z is indeed the transversal coordinate to the 5-brane. When the T-duality takes place between two D-branesZ is proportional to the σ component of the Born-Infeld field of the dual brane when the reduction is direct, or is equal to σ when the reduction is double 16 .
B Target Space Gauge Symmetries
The gauge symmetries of the eleven-dimensional background fields that couple to the M-KK-monopole are given by: These fields transform as well underρ (0) andσ (0) transformations in the usual way.
The transformations of the ten dimensional fields coupled to the massive IIA KK-monopole can be found in [4] , as well as the relations between tenand eleven-dimensional fields and gauge parameters. The transformation of i k N is however new, and it is given by: 
C Worldvolume Gauge Symmetries
Here we give the gauge transformations of the worldvolume fields present in the effective actions of the massive M-theory and Type IIA KK-monopoles.
C. 
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